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We develop a systematic approach to derive narrowband (NB) and passband (PB) composite
sequences which can produce any pre-selected transition probability with any desired accuracy. The
NB composite pulses are derived by successive cancellation of derivative terms in the propagator.
The PB pulses are built by combining two half-pi NB pulses. Both the NB and PB pulses feature
vanishing wings on both sides of the central region around the target transition probability, and
the PB pulses offer also a flat (broadband) top around the target probability. The NB sequences
are particularly suitable for sensing and metrology applications, while the PB sequences can be
very useful for qubit control in the case of tightly spaced qubits for they ensure both selectivity
(suppressed cross talk to neighbors) and robustness (suppressed laser pointing instability). Other
possible applications include selective (NB), or both selective and robust (PB), control of close
transitions in frequency space.
I. INTRODUCTION
Composite pulses have been developed in nuclear mag-
netic resonance (NMR) over 40 years ago [1]. Although
the underlying principles and mathematics have been
used in polarization optics much earlier [2], it is NMR
where vast progress on CPs has been achieved. Due to
their advantage of combining the benefits of the accu-
racy of resonant excitation with a robustness similar to
adiabatic techniques, CPs have succeeded to become one
of the most popular techniques for control and manipu-
lation of quantum and classical physical systems. Quite
remarkably, CPs allow for a very flexible control of the
excitation profile: in addition to broadband (BB), nar-
rowband (NB), and passband (PB) excitation profiles,
one can generate virtually any desired excitation shape,
which boosts the possibilities for different applications.
During the last years, CPs are undergoing a new wave of
intensive development far beyond NMR. They have been
used to improve some well known techniques like rapid
adiabatic passage [3, 4], stimulated Raman adiabatic pas-
sage [5, 6], Ramsey interferometry [7, 8], and dynami-
cal decoupling [9]. Applications include qubit control in
trapped ions [10–16], neutral atoms [17] and doped solids
[4, 6, 9], high-accuracy optical clocks [8], cold-atoms in-
terferometry [18–20], optically dense atomic ensembles
[21], singlet-triplet quantum-dots qubits [22–25], triple
quantum dots [26, 27], NV centers in diamond [28], mag-
netometry [29], optomechanics [30], etc.
A composite pulse is a sequence of pulses with differ-
ent relative phases. The constituent pulses may have the
same or different pulse areas, and may be resonant or
possess some detuning and/or chirp. The relative phases
are used as control parameters to shape the excitation
in a desired manner. Usually the profile is shaped by
cancellation of derivative terms of the propagator as a
function of some chosen parameter, e.g. the Rabi fre-
quency or the detuning. In a recent paper, a different
approach to finding the relative phases, based on deep
neural network, has been proposed [31].
In brief, a single resonant pulse produces a sin2 excita-
tion profile, which leads to complete population transfer
if the pulse area A is equal to π, or half excitation if
A = π/2. A CP in turn may produce a desired pop-
ulation transfer probability over a whole range of pulse
areas if the composite phases are chosen to cancel deriva-
tive terms in a Taylor expansion at the point A = π (or
A = π/2 for half excitation). In such a way one may
cancel errors in one or many experimental parameters.
Recently, composite pulses, termed universal, which can-
cel systematic errors in any parameter in a two-state sys-
tem have been also developed [32]. Finally, CPs that are
insensitive to systematic errors in the composite phases
have also been derived [33].
In a recent work, we developed composite sequences
which produce broadband excitation profiles with arbi-
trary predefined transition probability P = sin2 θ [34],
named broadband theta pulses. In the Bloch sphere pic-
ture, these CPs move the Bloch vector tip from the north
or south pole to any desired parallel of the sphere. In the
CP literature such operations are known as variable rota-
tions, as contrasted to constant rotations, which move the
Bloch vector to any desired point on the Bloch sphere.
In the present work, we extend this idea and show
how to produce narrowband and passband variable ro-
tations on the Bloch sphere, which we call NB and PB θ
pulses. NB pulses allow to greatly increase the selectiv-
ity of the excitation, which is important in various ap-
plications, e.g. in selective spatial addressing of trapped
ions or atoms in optical lattices by tightly focused laser
beams [39], or in selective addressing of a particular vi-
brational sideband frequency mode. NB θ pulses can sig-
nificantly reduce the unwanted cross-talk to other atoms
or ions when implementing the Hadamard gate in the
quantum register and therefore can increase the fidelity
of the quantum circuit. PB pulses allow to be both selec-
tive as NB pulses and robust as BB pulses, at the expense
of longer composite sequences.
The paper is organized as follows. In Sec. I we intro-
duce the method for the derivation of the NB composite
2theta pulses. The method is based on brute-force nu-
meric cancellation of derivative terms. Sequences of up
to eight pulses have been studied, but longer sequences
can be easily found using the same method. In Sec. II
we show how one can combine two NB half-π pulses to
produce PB theta pulses. In Sec. IV we compare our
results with relevant CPs in the literature. Finally, the
conclusions and discussion of possible applications are
presented in Sec. V.
II. NARROWBAND PULSES
We derive the NB θ pulses in a way similar to our
previous works [3, 34–36]. We provide a brief description
below. The propagator of a coherently driven two-state
system can be written as
U0 =
[
a b
−b∗ a∗
]
, (1)
where a and b are the Cayley-Klein parameters and |a|2+
|b|2 = 1. For exact resonance (∆ = 0), which we assume
in this work, a = cos(A/2), b = −i sin(A/2), where A is
the temporal pulse area A = ∫ tf
ti
Ω(t)dt. A phase shift in
the driving field Ω→ Ωeiφ is mapped into the propagator
as
U0 → Uφ =
[
a beiφ
−b∗e−iφ a∗
]
. (2)
A train of N pulses, each with area Ak and phase φk,
(A1)φ1(A2)φ2(A3)φ3 · · · (AN )φN , (3)
produces the propagator
U
(N) = UφN (AN ) · · ·Uφ3(A3)Uφ2 (A2)Uφ1 (A1). (4)
In this paper, we consider composite sequences of the
type
Aφ1Bφ2Bφ3 · · ·BφN−1AφN , (5)
where A = π(1 + ǫ)/2 is a nominal (for zero error, ǫ = 0)
π/2 pulse and B = 2A = π(1 + ǫ) is a nominal π pulse.
Furthermore, due to the irrelevance of the global phase,
we set φ1 = 0. If we consider the total propagator as a
function of ǫ, U(N) = U(N)(ǫ), our goal is to choose the
phases φk such that we cancel as many derivative terms
of the type
sk =
∂k
∂ǫk
U
(N)
12
∣∣∣∣
ǫ=1
(6)
as possible, while keeping the transition probability at
ǫ = 0 to a predefined value p,∣∣∣U (N)12 (0)∣∣∣2 = p. (7)
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FIG. 1: Transition probabilities induced by composite nar-
rowband theta pulses of different length N , with phases given
in Table I. The curves in each frame show the transition
probabilities locked at the levels 0.1, 0.2, . . . , 1.0.
It can be shown that due to the symmetry in Eq. (5), the
even-order derivative terms in Eq. (6) cancel out, s2j = 0.
Due to this fact, we will stick to an even total number
of pulses N in our sequences, as any chosen accuracy,
provided by an odd-N sequence, can be achieved by an
even (N−1) sequence. For evenN , condition (7) imposes
the relation
cos2
(
N−1∑
k=2
(−1)kφk + φN
2
)
= p. (8)
For N = 2, the transition probability reads
P = cos2
(πǫ
2
)
cos2
(
φ2
2
)
(9)
The phase φ2 is obtained immediately from here or from
3p 2 pulses 4 pulses 6 pulses 8 pulses
A0Aφ2 A0Bφ2Bφ3Aφ4 A0Bφ2Bφ3Bφ4Bφ5Aφ6 A0Bφ2Bφ3Bφ4Bφ5Bφ6Bφ7Aφ8
φ2 φ2, φ3, φ4 φ2, φ3, φ4, φ5, φ6 φ2, φ3, φ4, φ5, φ6, φ7, φ8
0.1 0.7952 0.0769, 1.0257, 1.1026 1.4150, 0.5716, 0.8499, 0.0064, 1.4214 1.2681, 0.5191, 0.4643, 1.5937, 1.5389, 0.7899, 0.0580
0.2 0.7048 0.1108, 1.0373, 1.1481 1.4316, 0.6075, 0.8012, 1.9772, 1.4087 1.2813, 0.5427, 0.4539, 1.6112, 1.5223, 0.7838, 0.0651
0.25 0.6667 0.1252, 1.0422, 1.1674 1.4355, 0.6191, 0.7820, 1.9656, 1.4011 1.2851, 0.5505, 0.4482, 1.6161, 1.5138, 0.7792, 0.0643
0.3 0.6310 0.1386, 1.0469, 1.1855 1.4379, 0.6284, 0.7646, 1.9551, 1.3930 1.2879, 0.5569, 0.4423, 1.6198, 1.5052, 0.7742, 0.0621
0.4 0.5641 0.1639, 1.0557, 1.2196 1.4400, 0.6430, 0.7330, 1.9360, 1.3760 1.2917, 0.5672, 0.4302, 1.6248, 1.4879, 0.7633, 0.0551
0.5 0.5 0.1881, 1.0644, 1.2525 1.4396, 0.6541, 0.7038, 1.9182, 1.3579 1.2939, 0.5752, 0.4177, 1.6277, 1.4702, 0.7515, 0.0454
0.6 0.4359 0.2124, 1.0732, 1.2857 1.4374, 0.6629, 0.6752, 1.9008, 1.3382 1.2948, 0.5818, 0.4043, 1.6291, 1.4516, 0.7386, 0.0334
0.7 0.3690 0.2379, 1.0827, 1.3207 1.4334, 0.6702, 0.6460, 1.8828, 1.3162 1.2947, 0.5874, 0.3896, 1.6291, 1.4314, 0.7241, 0.0187
0.75 0.3333 0.2515, 1.0879, 1.3395 1.4307, 0.6734, 0.6306, 1.8732, 1.3039 1.2942, 0.5899, 0.3815, 1.6286, 1.4202, 0.7159, 0.0101
0.8 0.2952 0.2661, 1.0936, 1.3597 1.4274, 0.6763, 0.6142, 1.8630, 1.2904 1.2934, 0.5922, 0.3727, 1.6277, 1.4081, 0.7069, 0.0003
0.9 0.2048 0.3009, 1.1075, 1.4083 1.4183, 0.6813, 0.5755, 1.8385, 1.2568 1.2906, 0.5965, 0.3508, 1.6240, 1.3784, 0.6843, 1.9749
1.0 0 0.3807, 1.1422, 1.5229 1.3915, 0.6844, 0.4873, 1.7802, 1.1717 1.2794, 0.6001, 0.2971, 1.6086, 1.3056, 0.6262, 1.9057
TABLE I: Phases of composite pulse sequences which produce NB profiles with different transition probability. All phases are
given in units pi.
Eq. (8),
φ2 = 2 arccos (
√
p) . (10)
The values of φ2 for a set of values of the transition prob-
ability are given in Table I.
For N = 4, we arrive at the equations
cos2(φ2 − φ3 + φ4/2) = p, (11a)
1 + 2eiφ2 + 2eiφ3 + eiφ4 = 0. (11b)
One of the solutions reads
φ2 = 2 arccos
(√
p′
)
, (12a)
φ3 = φ4 − φ2, (12b)
φ4 = π + 2 arg(1 + 2e
iφ2), (12c)
where
p′ = 14
[√(
1− p 13
)(
2
√
p
2
3 + p
1
3 + 1 + p
1
3 + 2
)
+
√
p
2
3 + p
1
3 + 1 + 1
]
.
(13)
The values of these phases for a set of values of the tran-
sition probability are given in Table I.
For N ≥ 6, φk are obtained numerically and their val-
ues are given in Table I.
The excitation profile, produced by these composite
sequences, reads
P = p cos2(N−1)
(πǫ
2
)
. (14)
Several important conclusions follow from this simple for-
mula. First, the excitation profile is symmetric, with a
maximum value of p at ǫ = 0, and vanishing wings toward
ǫ = ±1. Second, formula (14) can be used to explicitly
evaluate the width (half-width at half-maximum) of the
NB excitation profile: ǫ 1
2
= arccos(2
N−2
N−1 − 1)/π. For NB
composite sequences of N = 2, 4, 6, 8 pulses this gives
ǫ 1
2
= 0.5, 0.3, 0.234, 0.199. Third, formula (14) shows
the NB suppression order at ǫ = ±1: O((ǫ ∓ 1)2(N−1))
for a NB sequence of 2N pulses. All features described
above indicate that the more pulses we have in our se-
quence, the narrower the excitation profile is. This can
be seen from Fig. 1, where we plot the transition prob-
ability of the NB theta pulses for different values of the
central probability p.
It is very important to note that in addition to the ex-
citation suppression in the wings of the excitation profile,
the NB composite sequences feature a smooth maximum
of value p at ǫ = 0. Indeed, as evident from Eq. (14), for
small ǫ we have P = p[1− (N − 1)(πǫ/2)2+O(ǫ4)]. This
means that at the target probability p the NB pulses are
robust up to order O(ǫ2) to variations of ǫ. [A single res-
onant pulse is robust only to the first order, O(ǫ), except
for A = π.] The robustness to variations in ǫ can be
firther boosted by PB pulses, which are described below.
III. PASSBAND PULSES
We can use the idea from Ref. [34] to produce PB theta
pulses by “twinning” two NB π/2 pulses. We consider
the pulse sequence (5), followed by the reversed pulse
sequence, shifted with some phase ϑ,
AφN+ϑBφN−1+ϑ · · ·Bφ3+ϑBφ2+ϑAφ1+ϑ. (15)
As shown in [34], the excitation profile for the total pulse
sequence is given by
P = 4ps(1− ps) cos2(12ϑ), (16)
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FIG. 2: Transition probabilities induced by composite PB
theta pulses of different length 2N . The curves in each
frame show the transition probabilities locked at the levels
0.1, 0.2, . . . , 1.0.
where ps is the single (non-twinned) transition probabil-
ity of the pulse sequence. Therefore, when ps =
1
2 , the
total transition probability is determined by the phase
ϑ. If we set this phase to the value ϑ = 2 arccos(
√
p), we
obtain the desired transition probability P = p. If the
composite π/2 sequences are accurate to order O(ǫN ),
i.e. ps =
1
2 + cǫ
N , then the composite θ pulse will be
accurate to order O(ǫ2N ), since 4ps(1−ps) = 1−4c2ǫ2N .
Therefore the total sequence, built by two π/2 NB pulses,
will have a broadband profile in its centre. In the wings,
where ps = cǫ
N , we have 4ps(1 − ps) = 4cǫN − 4c2ǫ2N ,
which means that the NB property is conserved up to the
same order. Therefore, by twinning two NB half-π pulses,
we can obtain a PB CP with any desired central transi-
tion probability p. We show the profiles of these PB CPs
in Fig. 2, for different total number 2N of constituent
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FIG. 3: Transition probabilities for the NB (top) and PB (bot-
tom) pulses of Ref. [37]. The curves in each frame show the
transition probabilities for θ = pi, pi/2, pi/4, which correspond
to probability levels 0.25, 0.5, and 1.
pulses. The comparison of Fig. 2 to Fig. 1 demonstrates
that the PB profiles maintain the NB feature of the NB
profiles, however, with the added benefit of a flat top.
Therefore, the PB composite sequences feature both se-
lectivity and robustness, at the expense of being a factor
of 2 longer than the NB sequences.
IV. COMPARISON WITH OTHER COMPOSITE
PULSES
We compare our sequences with the NB and PB se-
quences of Wimperis [37, 38], which are the most promi-
nent NB and PB pulses with arbitrary transition prob-
ability (flip angle). The NB sequences in [37] are given
by
BφC−φBφθ0, (17)
where C = 2B = 2π(1 + ǫ) is a nominal 2π pulse, θ =
2 arcsin(
√
p), and φ = arccos(−θ/4π). The PB sequences
are
CχC−χC−χCχθ0, (18)
where χ = arccos(−θ/8π). In Fig. 3 we show the excita-
tion profiles of the NB and PB pulses, derived in Ref. [37].
As one can see from the figure, the profiles of these pulses
are asymmetric (except for p = 1). This is a drawback
if one strives for an excitation limited only to a certain
region and no excitation on either sides. In Ref. [38] a
similar PB half-π CP is derived, which yields the same
5profile as in [37] with smaller pulse area. However, it also
exhibits an asymmetric excitation profile. Finally, NB
and PB pulses have been derived in the context of high-
fidelity individual addressing of closely spaced particles
[39]. Again, these CPs yield asymmetric profiles since
they were specifically designed to robustly manipulate
a particle while leaving its neighbors unaffected. Such
a setup requires one to suppress only transitions driven
by relatively small pulse areas “seen” by the neighboring
particles.
V. DISCUSSION AND CONCLUSIONS
In this work we presented a class of composite pulses
which produce NB and PB excitation profiles at any
desired pre-selected transition probability. Contrary to
most NB and PB CPs for arbitrary rotations published
in the literature the present CPs feature vanishing wings
on both sides of the central region around the target tran-
sition probability. In addition to the NB profiles, this NB
feature is present in the PB profiles too where it is ac-
companied by a BB top around the target probability.
This makes the NB sequences particularly appropriate
for sensing applications, while the PB sequences can be
very useful for qubit control in the case of closely spaced
qubits, e.g. in 1D or 2D structures of trapped ions, or ul-
tracold atoms in optical lattices. In such situations both
selectivity (suppressed unwanted cross talk to neighbors)
and robustness (suppressed laser pointing instability) are
highly desirable.
Other applications include selective (NB), or both se-
lective and robust (PB), control of close transitions in
frequency space. For example, this necessity emerges
when driving vibrational sidebands in trapped ions, as
the couplings (and hence the Rabi frequency and the
pulse area) depend on the vibrational quantum number:
hence NB and PB CPs provide the possibility for very
selective addressing. Another example is molecular chi-
ral resolution. Recently, it has been shown that a ro-
bust and high-fidelity enantio-sensitive population trans-
fer can be achieved by using appropriate BB composite
sequences [40]. By replacing the BB pulses with PB or
NB analogues, depending on the studied molecule, one
could improve the method even further by their greater
selectivity. Finally, the presented CPs may find useful ap-
plications related to sensing, high-precision spectroscopy,
optical elements, etc.
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